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Abstract. The object of this paper is to find a necessary and 
sufficient condition for the groups G\, G%, ■ ■ ■ , G n so that every 
normal subgroup of the product Y\a=i is of the type Yi7=i Ni 
with Ni < Gi, i = 1,2, ...,n. As a consequence we obtain a 
well-known result due to R. Remak about centreless completely 
reducible groups having finitely many direct factors. 



1. Introduction 

Let G be a finite group. Then G has a composition series given by 
{e} = H < Hx < • • • < i? n _i < if n = G. The set-with-multiplicities 
of composition factors associated to this composition series is given by 
C(G) = {Hi/H^i : i — 1,2, . . . , n}; noting that any two composition 
series of G give rise to the same set-with-multiplicities of composition 
factors, upto isomorphism of factors (see [2], Jordan-Holder Theorem). 
It is a standard fact (see [1]) that V K < G, C{G) is the disjoint 
union (i.e. union counting multiplicities) of C(G/K) and C(K). By 
convention C({e}) = 0. 

In [3], Leinster has proved that if Giand G 2 are any two finite groups 
such that C{G\) and C(G2) have no member in common then every 
normal subgroup of G\ x G 2 is of the type Ni x A^ 2 where iV, < Gi, 
i = 1,2. However, considering G\ = G 2 = the alternating group A 5 (a 
simple non-abelian group), one can see that the converse is not true. 

In this paper we derive a condition which is necessary as well as suf- 
ficient for any pair of groups G\ and G 2 (finite or infinite, abelian or 
non-abelian) so that all normal subgroups of G\ x G 2 are of the above 
mentioned type. We then extend our result to any finite number of 
groups and obtain, as a consequence, a well-known result of R. Re- 
mak about centreless completely reducible groups having finitely many 
direct factors. The motivation for this work lies in finding examples 
of non-abelian perfect groups; a perfect group being one in which the 
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sum of the orders of all normal subgroups equals twice the order of the 
group (see [3]). 

2. The NS-condition 

We begin this section with a few definitions. 

Definition 2.1. Let Gi and G 2 be any two groups. A normal subgroup 
iV of G 1 x G 2 is said to be of standard type if N = Ni x N 2 where 
Ni < Gi, i — 1,2. 

Definition 2.2. Two groups G\ and G 2 are said to have a subgroup 
in common if there exist non-trivial subgroups Hi of Gi, % — 1,2, such 
that Hi = H 2 . 

Definition 2.3. Two groups G\ and G 2 are said to satisfy NS-condition 
if V Hi < Gi, i = 1,2, the centres Z(G X /H X ) and Z(G 2 /H 2 ) of the 
quotient groups G\/H\ and G 2 /H 2 have no subgroup in common. 

Remark 2.4. If H < G then the subgroups of Z(G/ H) are of the type 
K/H where H < K < G and gkg' 1 ^ 1 e H, \/g e G and VA; e X. 
In particular K < G. 

The following proposition shows that NS-condition is strictly weaker 
than Leinster's hypothesis (see Proposition 3.1 of [3]). 

Proposition 2.5. If Gi and G 2 are two finite groups such that C{Gi) 
and C{G 2 ) have no abelian member in common then Gi and G 2 satisfy 
NS-condition. However, the converse is not true. 

Proof. Suppose Hi < G i: % — 1,2, are such that the centres Z{Gi/H{) 
and Z(G 2 /H 2 ) have a subgroup in common. So, there are non-trivial 
subgroups Ki/Hi of Z{G i jH l ), i = 1,2, such that Ki/Hi = K 2 /H 2 . 
Then C{Ki/Hi) = C{K 2 /H 2 ). Since Hi < K t < Gi, we have C (Ki/Hi) 
Q C{Ki) C C(Gi), % = 1,2. Thus, C(G X ) and C(G 2 ) have an abelian 
member in common; noting that both Ki/Hi and K 2 /H 2 are abelian. 

That the converse is not true can be easily seen by considering G\ = 
S*4 and G 2 = Z/3Z, and noting that S4 and S4/V = S3 have trivial 
centres; V being the normal subgroup {e, (12)(34), (13)(24), (14)(23)} 
of S 4 . □ 

Proposition 2.6. Two finite groups Gi and G 2 satisfy NS-condition 
if and only if gcd{rii,n 2 ) = 1 where 

m= n \Z{Gi/Hi)\, 1 = 1,2. 
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Proof. If each n« is divisible by a prime p, then p divides \Z(Gi/Hi)\ for 
some Hi < G i: % — 1, 2. So, each of Z(G i /H i ) ) % — 1, 2, has a subgroup 
of order p (see [1]) . Obviously such a subgroup is isomorphic to Z/pZ. 

Conversely, if gcd(ni,n 2 ) = 1 then V iT j < G,, i — 1,2, the centres 
Z(Gi/Hi) and Z{G 2 /H 2 ) have coprime orders and so they can not 
have any subgroup in common. □ 

The following corollary is immediate. 

Corollary 2.7. // too /imte groups G\ and G 2 have coprime orders 
then they satisfy NS-condion. Converse also holds if G\ and G 2 are 
finite abelian. 

3. Main Theorem 

In this section we show that the NS-condition is indeed necessary as 
well as sufficient. 

Theorem 3.1. Let G\ and G 2 be any two groups (finite or infinite, 
abelian or non- abelian) . Then all normal subgroups of G\ x G 2 are of 
standard type if and only if G± and G 2 satisfy NS-condition. 

Proof. Suppose G\ and G 2 satisfy NS-condition. Let N <j G\ x G 2 . 
Set Hx = 7Ti((Gi x {e 2 }) n N) and H 2 = 7r 2 (({ei} x G 2 ) n N) where e { 
are identities of Gi and 7Tj : G\ x G 2 — > Gj are projections, % = 1,2. 
Then E x x {e 2 }, {ej x H 2 C N C n^N) x 7T 2 (iV) and so 

H 1 xH 2 = (#! x {e 2 })({ ei } x if 2 ) c tti(JV) x vr 2 (iV) 

(3.2) 

It may be noted here that iJj < Gi and iJj < ir^N), % — 1,2. Now, 
suppose ai G iri(N). Then (ai,a 2 ) G A 7 " for some a 2 G G 2 ; in fact 
a 2 G 7r 2 (A^). Therefore, Voi G G±, we have 

(^iai^i _1 ,a 2 ) = (oi,e 2 )(ai,a 2 )(or 1 ,e 2 ) G iV 

=>• (s , iaig , r 1 ar\e 2 ) G iV 

=>- ffiai^i -1 ai -1 e #i 

=>- gxHxaxHi = aiH^Hi G Gi. 

Thus, ai^i G Z{G 1 /H 1 ). So, we have ix l (N)/H l C Z{G 1 /H l ). 
Similarly, n 2 (N)/H 2 C Z(G 2 /H 2 ). Note that if ai,6i G vri(iV) then 
(ai,a 2 ), (61,62) G A 7 " for some a 2 ,6 2 G n 2 (N), and so (ai6i _1 , a 2 6 2 _1 ), 
(ai6i,a 2 6 2 ) G A 7 ". Therefore, 

aiH 1 = b 1 Hi <i=^ a^C 1 e H 1 (ai6i _1 , e 2 ) G A 7 " 

-<=^ (ei,a 2 6 2 _1 ) G A 7 " a 2 6 2 _1 G if 2 -<=^ a 2 if 2 = 6 2 # 2 . 
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This means that we have a well-defined injective map / : n\(N)/Hi 
— > ix 2 (N)/H 2 given by f(a 1 H 1 ) = a 2 H 2 where (a 1: a 2 ) G N. Also, 
fia.H^H,) = fi^hH,) = a 2 b 2 H 2 = a 2 H 2 b 2 H 2 = /(a 1 // 1 )/(fo 1 // 1 ), 
showing that / is a homomorphism. Finally, if b G ti 2 {N) then (a, 6) G 
iV for some a G iri(N) and so f(aH 1 ) = bH 2 , which implies that / 
is surjective. Thus / is an isomorphism. Hence it follows from the 
hypothesis that iTi(N)/Hi are trivial subgroups of Z(Gi/Hi), i — 1,2. 
Therefore, Hi = n^N), % = 1, 2, and so N = H 1 x # 2 , by (3.2). 

Conversely, suppose G\ and G 2 do not satisfy the NS-condition. So, 
there exist if; < Gj, i = 1,2, such that Z(G 1 /H 1 ) and Z(G 2 /H 2 ) have a 
subgroup in common. Let Ki/Hi be non-trivial subgroups of Z{G i /H i ), 
i = 1,2, such that there is an isomorphism F : K\j H\ — ► K 2 /H 2 . Put 
A 7 = {(ai,a 2 ) £ Ki x K 2 : F(a 1 H 1 ) = a 2 H 2 }. Let (a 1 ,a 2 ),(bi,b 2 ) G 
AT then F(a 1 // 1 ) = a 2 # 2 and F(fe 1 // 1 ) = b 2 H 2 . So, F(a 1 6r 1 // 1 ) = 
a 2 b 2 ~ 1 H 2 . Thus (ai, a 2 )(&i, ^2) 1 = (ai&i -1 , 02&2 _1 ) G A 7 ", showing that 
A 7 " is a subgroup of G\ x G 2 . Again let (ai, a 2 ) G A 7 and (#1, g 2 ) G Gi x 
G 2 . Then, (g u g 2 )(a 1 , a 2 )(gi, g 2 Y l = (s'lOig'i -1 , g 2 a 2 g 2 ~ 1 ) G K x x X 2 , 
since, by Remark 2.4, ATj <j Gj, i = 1,2. Also, since a^i^ G Ki/Hi C 
Z(Gi/Hi), % = 1,2, we have 

^(fi'iaigr 1 ^) = F(a 1 H 1 ) = a 2 H 2 = g 2 a 2 g 2 ~ l H 2 . 

Thus (<7i, <72)(ai, a2)(<7i, <72) -1 G AT, and so A 7 < G*i x G 2 . On the other 
hand, suppose A 7 is of standard form Ni x A^ 2 where Ni < Gi, i — 1,2. 
Then, iii(N) = N iy i — 1,2. But since F is bijective, we have ^(A 7 ) = 
ATj, i — 1,2. Therefore, N — K 1 xK 2 . Since K 1 /H 1 is non-trivial, there 
is some a\ G K 1 such that ai-ffi 7^ H\. But (ai,e 2 ) G ATi x K 2 = N. 
So, F(aiH 1 ) = e 2 H 2 = H 2 , the zero element of K 2 /H 2 . Therefore, 
since F is injective, we have a\Hi = H 1 , the zero element of Ki/H 1 . 
This contradiction shows that N is not of standard type. □ 

Note that {G 1 x G 2 )/(i?i x if 2 ) = x G 2 /H 2 where if, < G h 

i = 1,2. Therefore, using induction and the fact that the centre of a 
product of groups equals the product of the centres of the constituent 
groups, we have the following corollary: 

Corollary 3.3. Let G±, G 2 , . . . , G n be any n groups (finite or infinite, 
abelian or non-abelian). Then every normal subgroup of the product 
nr=i is of the type Yli=i Ni with Ni <j Gi, i = 1,2, ... ,n, if and 
only if Gi, G 2 , . . . , G n satisfy NS-condition pairwise. 

Remark 3.4. If atleast n — 1 of the groups G\, G 2 , . . . ,G n are simple 
non-abelian then they satisfy NS-condition pairwise. In view of this, 
the above corollary says, in particular, that if G is a direct product 
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of non-abelian simple groups Gi, i = 1,2, ... ,n, then every normal 
subgroup of G is a direct product of certain of the GVs. This is a 
well-known result proved by R. Remak (see [4], page 88). 

References 

[1] J. B. Fraleigh, A first course in Abstract Algebra, Addison- Wesley Publishing 

Company, Inc. Philippines, 1982. 
[2] N. Jacobson, Basic Algebra - vol I, W. H. Freeman and Company, U.S.A., 1974 
[3] T. Leinster, Perfect number and groups, arXiv:math.GR/0104012 vl Apr 2001. 
[4] Derek J. S. Robinson, A course in the Theory of Groups (Second Edition), 

Graduate Text in Mathematics 80, Springer, New York, 1996. 

Department of Mathematics, North Eastern Hill University, Per- 
manent Campus, Shillong-793022, Meghalaya, India. 
E-mail address: akdas@nehu . ac . in 



